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Abstract: The work done is a step towards analyzing the pressure field inside a sonar dome. Acoustic waves
from afar are plane when they reach the dome but the wave that is transmitted into the dome is not plane. This
occurs because the dome is doubly curved and the angle of incidence is a function of the coordinates of the
dome. In this paper, a ray approach is presented to determine the acoustic field when a plane acoustic wave is
incident on a solid layer embedded in an infinite fluid. Ray theory is used to determine the reflected and
transmitted waves and the field inside the solid layer.

Index Terms: acoustics, sonar dome, ray theory, wave theory.

. Introduction

THE work done is a step towards analyzing the pressure field inside a sonar dome. Electro-acoustic
transducers that convert electrical energy to acoustical energy and vice versa are housed inside sonar domes that
are designed to withstand the mechanical loads they encounter and have good acoustical transparency. The
thickness of the dome is always much less than the radius of curvature of the dome. Acoustic waves from a far
are plane when they reach the dome, but the wave that is transmitted into the dome is not plane. This occurs
because the dome is doubly curved and the angle of incidence is a function of the coordinates of the dome.

In this paper, a ray approach is presented to determine the acoustic field when a plane acoustic wave is
incident on a solid layer embedded in an infinite fluid. Ray theory is used to determine the reflected and
transmitted waves and the field inside the solid layer. When a ray is incident on a solid-fluid interface, two types
of rays within the solid layer and one in the fluid are generated. The rays in the solid known as dilatational and
distortional rays travel at different speeds. Each ray that is generated undergoes multiple reflections and
transmissions. A method is presented to systematically account for all the rays and find the sum of their
contributions. The magnitude and phase of the fields, for oblique incidence of the wave, obtained using the ray
approach, are compared with those obtained using wave theory.

1. STATEMENT OF THE PROBLEM
Consider a thin solid layer of infinite lateral extent embedded in an infinite fluid as shown in Fig. 1.
The normal to the layer is along the x axis as shown in the Fig. 1. The layer extends from x = ato x = b, and its
thickness, h, is equal to b-a. The media are labeled as I, I, and I11 for convenience, as shown in Fig. 1.

Medium 1t Sokd Mediem 11 Fud

Fig.1 Plane wave incident on thin solid layer embedded in infinite fluid
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A plane acoustic wave with angular frequency o is incident on the layer at an angle 8;. The normal to
the wave lies in the xy plane. The reflected and transmitted velocity potentials and the velocity within the layer
are of interest.

The densities of the fluid and solid media are pand pgrespectively. The speed of sound in the fluid
isc. A and p are Lame’s constants in the solid. Two types of waves are generated within the solid layer: pand
swavesthat travel at angle 8,,and 65, respectively with respect to the x axis. The speeds of the longitudinal (p)
and transverse (s) waves in the solid media are cpand c, respectively. A wave is transmitted to the fluid
on other side of the plate at an angle 6;. Since medium I and 111 are same, 6 is equal to 6;.

Let the velocity potential field in the fluid be@; and the velocity potentialsof the pand s waves in the solid layer
be¢ and v, respectively. Then, the component of velocity in the fluid, normal to the solid layer (x direction), is

a
v =21 1)
The normal and tangential particle velocities in the solid layer are
9
U= dax + ay (2)
and
_ 9 _
V= ay dax (3)

respectively.
A ray approach to determine the displacement field is presented.The wave approach is first presented in brief
and numerical results obtained using the two approaches are compared to show that the ray analysis is correct.

I11.  Wave Analysis

The potential field in medium | is the sum of potentials of incident and reflected waves. Hence the total
velocity potential in the first medium is expressed as
@ = [Afe(—jafx) + Bfe(jafx)]e(—jw) (4)
where Aand B; are the complex amplitudes of incident and reflected waves respectively. The wave-number of
the longitudinal wavein the fluid is ks = w / c,ar = kf cos 6,and y = ks sin 6;are the horizontal and vertical
components respectively of the angular wave number k .
The velocity potentialsof the pand s waves in the solid layer are expressed as

¢ = [Ae(—jax) + Be(jax)]e—jypy (5)
and
Y = [Ce(—jBX) + De(iﬁx)]e—jysy (6)

respectively. Aand C are the complex amplitudes of the potentials of the p and s waves travelling to the right in
the solid;B and D are the complex amplitudes of the potential of the pand swaves travelling to the left in the
solid. The wave-numbers of the pand s waves arek,, = w/c,andk,; = w/cq, respectively. a, B, v, and ys
arecomponents of the angular wave numbers k;, and kps ,and are defined as a = k;, cosb,,, B =
kys cos By ¥, = kyp sin By, and v = ky, sin O, such that a? + y* = k3, andp? +y* = k.
The potential function associated with waves in the third medium is
@ = Ee(Tarx) o(=jvy) (7

where E is the complex amplitude.

The amplitudes and phases of the reflected and transmitted waves in first and third medium and waves
within the solid layer are of interest. They are used to determine the displacement.
If the plane wave is transmitted from fluid to solid or solid to fluid, then the normal particle velocity
on both fluid and solid sides of the boundary must be equal[2].Therefore

0f _ 00 0 o _

pt + ayatx—a (8)
and

0y o0 L

T o + ayatx—b (9)

The continuity of stress requires that the normal stress in the solid and the pressure in the fluid must be equal at
the interface. The pressure in the fluid is
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and normal stress in the solid is

_1 W LG
T=- ((,1 +2u) 5+ Aay) (11)

Thusat x=a and x=b

1 au av .
,U((A"_ 2”)54_1@) = jpw® (12)

In fluid, shear stress is absent. Therefore, the third boundarycondition at the fluid-solid interface is that the
shear stress inthesolidis equal to zero[1]:

u (ov ouy _ _ —
L (E + E) = Oat x=a and x=b (13)

These three boundary conditions applied at x=a and x=b interfaces yields six equations, as expressed in
matrix form in Eq. (14). The matrix is solved to obtain the amplitude of six velocity potentials, B;,A,B,C,D and

[ afe(]afa) ae(_jaa) ye(_]ﬁa) ae(jaa) ye(]ﬁa) O B
pw2elara)  e(jaa) Quyp)eIFa) e Uaa) —2upyelifa) 0 [Aﬂ
E 0 (=2ay)e ™ (B —y?)e T (2ay)ele) (B —y?)elUFs) 0 ICI
' 0 —qeiab) yeipb) —qelab) —yeUpb) afe(—jafb) B
0 ke (—iab) Quyp)eF) ke lUab) (B2 — y?)eUpb) _pre(—jafb) g
L0 (=2ay)eT®) (B —y2)e T (2ay)eUe) (B2 —y?)eUF) 0
a e(—]afa)
f
pwze( ]afa)
I 0 [ (14)
| 0 |
Lo
0

wherex = (Ak3, + 2ua?)
Power balance and special cases are considered below to show that Eq. (14) is correct.

A. Power balance

The matrix Eqg. (14) and the numerical results obtained by solving it should satisfy certain power
balance checks. First, consider two vertical planes parallel to the surfaces of the solid layer. One plane is in fluid
medium | and the other is within the solid layer. The input acoustic power to the region between these two
planes is due to waves with amplitudesA;, B and D. The output power is due to waves with amplitudes B;,A and
C. As the problem is defined as a no-loss case, input power must be equal to output power. Second, consider
two vertical planes parallel to the surfaces of the solid layer. One plane is in fluid medium I and the other is in
fluid medium I11. Input power is due to the incident wave. Output power is due to reflected waves at x=a and
transmitted waves at x=b. Input power must be equal to output power. Hence T, + R, = 1where, T, is the
power transmission coefficient and R,, is the power reflection coefficient [1]. These two power balance checks
are satisfied by the solutions to the equation.

B. Special cases

The results for certain special cases are obtained by using the matrix Eq. (14); and this proves that the
Eq. (14) and the solutions are correct. The first case is a thin fluid layer embedded in same fluid subjected to
normal incidence by a plane acoustic wave. Hence there is complete transmission and no reflection [1].By
assigning values 6 = 0, ¢; = 0,c, = ¢, ps = p, =0 to the parameters in Eq. (14), it reduces to
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[a’fe(j‘?‘fa) ae(—jaa‘) ae(}'aa.) 0 ] Bf afe(_jafa)
pwze(]afa) ()lkgp)e(_l‘m) (Ak%p)e(ﬂm) 0 Al _ pa)ze(—/’afa) (15)
| 0 —qeJab) —aqele) apeTub) || B 0
I 0 (Ak3,)e ) (Ak3,)ela) —pwearh)| E 0

The solutions to Eq. (15) are B; =0, A=1, B=0, and E=1.B; =0, B=0 implies that there is no reflection.
A=1 andE=1 implies that complete transmission occurs at both the interfaces. These are the expected results. As
a second case, consider oblique incidence on a thin fluid layer embedded in the same fluid. Again, complete
transmission is expected and it is indeed the case. Third, consider normal incidence of a plane wave on a fluid
layer embedded in a different fluid. By using 8 =0, c¢;= 0,c, #c, ps # p, u=0,Eq. (14) reduces to the set of 4
equations in Ref. 1.

When a wave is obliquely incident on an interface between two semi-infinite fluids, 1+R=T where R
and T are reflection and transmission coefficients, respectively [1]. When a wave is obliquely incident on a thin
fluid layer embedded in different fluid, |1+R|= |T| where | | denotes magnitude. Using 8 #0, ¢;= 0 and ¢, # 0, p,+
p, 1=0in Eq. (14) yields Eqgs. whose solutions satisfy the condition.

When a plane wave is normally incident on a thin solid layer embedded in fluid, only longitudinal waves are
generated in solid layer [5]. For this case, the solutions C and D to Eq. (14) are zero. Therefore, the condition is
satisfied.

When a plane wave is obliquely incident on a thin solid layer embedded in fluidand the angle of incidence,

0, = sin‘l(c/(\/z Cs)) , then 0,5 =45°, and only transverse waves are generated in solid [2]. The solutions to Eq.
(14) satisfy this condition.

IV.  Ray Analysis

The assumption that energy is carried along paths that rays take through the medium is used to describe
the acoustic field. To define the ray, the local angle that it makes with the global x axis, 6, is specified. The
phase of the ray is expressed in a coordinate system that is attached to the ray. The x axis of the local coordinate
system is along the direction of the wave.

When a f ray (longitudinal ray in fluid) is incident on the fluid- solid interface a f ray get reflected and a
p and a s ray get transmitted. When a p or s ray reaches the solid- fluid interface both p and s rays get reflected
and a f ray gets transmitted and travels to infinity. This happens whenever a ray meets an interface and can take
place infinite number of times before the ray reaches the field point. The total acoustic field is the sum of all
rays.

A ray is labelled as n=1 ray when the path travelled by the ray within the solid layer has only one
segment. That is, the ray has undergone no reflection when travelling within the layer. Similarly a ray is labeled
n=2 ray when the path travelled by the ray within the solid layer involves two segments. That is, the ray has
undergone one reflection when travelling within the layer. The segments may be p or s segments. It is necessary
to distinguish between the four n=2 rays. Therefore, they are labeled as 2pp, 2ps, 2sp, and 2ss where the nth
letter indicates the type of the nth segment. In general, a ray with n segments has 2" labels. For example, all the
following are n=3 rays: 3ppp, 3pps, 3pss, 3spp, 3ssp, 3sps, 3psp, 3sss.The total acoustic field is due to the n= 0,
1,2, ... rays.

The rays that emerge from the layer and travel in the fluid in which the incident wave is travelling are
labeled such that it is possible to identify each segment of that ray. For example, consider the ray 2psf. The first
segment is a p ray that is transmitted at the fluid-solid interface. The second segment is a s ray that is reflected at
the solid-fluid interface. The third segment is a f ray that is transmitted at the solid-fluid interface. The total field
that is reflected from the layer has contributions only from n = 0, 2, 4, ... rays. The total field that is
transmitted through the layer has contributions only from n =1, 3, 5, ... rays. The internal field in the layer has
contributions from n=1, 2, 3, ... rays.

The potential of any ray can be expressed as

bn = Anetn (16)
where A, is the amplitude of the ray which has undergone n-1 reflections and ¢, is the phase. e/t is the
variation in time, of the potential. Since this term appears in all expressions, it is suppressed in this equation and
will be, for all other equations. Medwin and Clay computed the reflection and transmission coefficients of a thin
fluid layer embedded in an infinite fluid by considering the total up travelling signals as the sum of an infinite
number of partial transmissions and reflections. Total reflection and transmission coefficients were obtained by
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solving a geometric series. This geometric series and analytical solution can be applied only to a fluid layer. In a
solid layer due to the coupling between the p and s waves the number of rays to track, and in turn the number of
reflection and transmission calculations, increases exponentially with each internal reflection.

Here a numerical solution is obtained by adding the potentials due to several rays and convergence is verified by
comparing the results with those obtained using wave theory. For the sonar dome, wave analysis is not possible
and convergence can be verified by increasing the number of terms used to find the sum.

C. Semi-infinite Media: Reflection and Transmission Coefficients

In the ray approach, the reflection and transmission coefficients when f, p, and s rays meet an interface
at x =0 between two semi-infinite media are used.
When a longitudinal wave is incident on a fluid-sold interface, the continuity conditions lead to

af -y
—pw? K (Zuyﬁ) Trp \ [ l(17)
0 (“2ay) B*—vH)||Ts

Ry is the reflection coefficient for the longitudinal wave, T, is the transmission coefficient for the s wave,
and Tg, is the transmission coefficient for the p wave.
When a p ray is incident at the solid-fluid interface the continuity conditions lead to

a -y PP a

Kk —QuyB) —pw||Rys|= [ K ](18)
2ay (B*-v») 0 Zay

where R, is the reflection coefficient for the s ray,R,,, is the reflection coefficient for the p ray, and T, is the

transmission coefficient for the wave in the fluid.
When a s ray is incident at the solid- quid interface the continuity conditions lead to

a’f -
K —(ZWB) —pw l ‘ l —2/“’5 1(19)
2ay (B% - B*-v»

Tyris the transmission coefficient, R is the reflection coefficient for the s ray, and Ry, is the reflection
coefficient for the p ray.
Egs. (17) to (19) are solved for the particular angle of incidence. The results are used in the ray analysis.

D. Solid Layer: Reflection coefficient

When a plane acoustic wave of unit amplitude is incident on the solid layer, the potential reflection
coefficient is the sum of potentials of all the rays emerging out to first medium at x=a interface as shown in
Fig.2.
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Medium i fluid Medium Il solid Medium il fiuid

!
|,'—-b wavefront

x=a x=h

Fig. 2.Schematic of ray propagation through the solid layer with
imaginary wave front for reflected rays at x=a interface

It is expressed as
R, = Z?:o,z,z;.. ¢nf (20)

where ¢, are the potentials of emerging rays. n indicates the number of ray segments within the solid layer.
Each ¢, term indicates the sum of all 2"p and s combinations of rays. For example, ¢, = ¢2,pr + Popss +
Gaspr + Passp-The general expression for ¢, is

G = Anfej(klfn—nn) (21)

In Fig. 2, the reflected rays are 0f, 2psf, 4psppf etc.
The amplitude of any ray emerging from the solid layer into the fluid in the left is expressed as

Anf = [(Tfsa+Tfp b)(Rss)C (Rsp )d (Rps )e (RPP )f (Tsfg + Tsf l)] (22)

where n is an even number. a, b, c, d, e, f, g, are the number of the corresponding events occurring in the
considered ray. It is to be noted that a, b, g and | acquires values only zero and one. Also when a is one, b is
zero and when g is one, | is zero and vice versa. It is because for a given ray only the first segment is transmitted
at fluid- solid interface and last segment at solid-fluid interface. This is applicable for all succeeding cases
explained in this chapter.

& corresponds to the path not travelled by a particular ray with respect to origin at an instant. A wave-front is
defined as the surface on which phase is constant. It follows that the wave-front, in 2D space, at any instant of
time, is a straight line and will be perpendicular to direction of propagation. An imaginary wave-front is drawn
for the reflected rays such that it passes through the origin. Thus for 2psf ray & is distance Bl in Fig 2. denoted
as B, 1, ,for ray 4psppf,B, I, and so on.
The phase term is generalized as

k&, —n, = h[Np kp, cos 6, + Ngk; cos 9251(23)
where N, and N, are number of p and s segments in a given ray respectively. Thus the total reflection
coefficient at first interface,
R, = Rpp + Toopa An e/ Ctbnmm)  (24)
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R, corresponds By .

E. Solid Layer: Rays within the Layer

The effect of all the rays travelling within the layer is a standing p wave and a standing s wave. Each
standing wave is comprised of one wave travelling to the right and another travelling to the left. It is of interest
to determine the complex amplitude of the p and s waves travelling to the right and left.

a) Waves travelling to the right
The p wave travelling to the right is comprised of all n = 1, 3, 5 ... rays ending with a p segment.
Amplitude of its potential, A is expressed as
A= Zﬁ:l,S,S.. ¢n*p (25)
where *p indicates that any sequence of rays that ends with a p segment is to be considered. The s wave
traveling to the right is comprised of all n = 1, 3, 5 ... rays ending with a s segment. Its potential, C is
expressed as
C= ZS:IB,S. ¢n*s (26)
From Fig.3 it is evident that rays, 1p, 3psp, Spspps....travel to rightfrom first interface.
The general expression for ¢,,., and ¢, are
(pn*p — Anej(kprn_nn) (27)
Dpos = Ay el Kasin =) (28)
The amplitude of any ray(p or s) travelling to right at first interface is given by
4, = [(Tfsa'i'Tfpb)(Rss)c(Rsp)d (RPS)E(RPP )f] (29)
where n is an odd number. a, b, c, d, e, f, g are the number of the corresponding events occurring in the
considered ray.

Imaginary wave fronts of p and s rays are drawn such that they passes through the origin .£ depends on
last segment of the ray since the wave fronts of p and s waves are different.

Medium | fluid Medium Il solid Medium Il fluid

swavefront

pwavafronty "

Fig. 3. Schematic of ray propagation through the solid layer with imaginary wave front for p and s rays
travelling right at x=a interface.

In general, phase for p rays travelling right is given by

International Conference on Emerging Trends in Engineering & Management 97 |Page
(ICETEM-2016)



IOSR Journal of Mechanical and Civil Engineering (IOSR-JMCE)
e-ISSN: 2278-1684,p-1SSN: 2320-334X,

PP 91-103

www.iosrjournals.org

ks&y — 1 = —h[(N, — 1)ky, cos 8,, + Nk, cos 65 (30)
Phase for s rays travelling right is given by
kps&y — M = —h[N,ky, cos 0y, + (N — Dk, cos6,5]  (31)

b) Waves travelling to the left

The complex amplitude of p and s waves travelling to leftfrom second interface is also computed in
similar way. All n=2,4,6...rays travel to the left within the solid layer as shown in Fig.4
Potential of pand s waves travelling to left are expressed as

B = Z§:2,4,6... ¢n*p (32)
D=7 246. Pnes (33)
The general expression for ¢,,., and ¢, are
Prp = Ane) (2067 0) (34)
Gpes = A, e Kasin=n=x) (35)

The amplitude of any ray travelling left at second interface is given by

Ay = |Tpoat+Tr DY Reo)* (Rp) (Rps)” (R )| (36)
where n is even.

Medium | fluid Medium I solid Medium 11| fluid

X3 L]

Fig. 4. Schematic of ray propagation through the solid layer with imaginary wave fronts for p and s rays
travelling to left are shifted to at x=a interface.

The imaginary wave-fronts are drawn such that they passes through the point of intersection of first
reflected p or s ray with x=b interface. Wave-fronts have to be shifted to origin.y corresponds to the distance
through which the wave fronts are shifted to origin multiplied by the wave number of the ray. Value of y
depends on the initial and final segments of the considered ray .

Other components of phase are computed as before. General form of phase is
(k2&n — Ny — X) = —h[N, ks cos 05, + Nkys cos 055]  (37)
where N,, and Nsare number of p and s segments in a given ray respectively.
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F. Solid Layer: Transmission Coefficient

The transmission coefficient at second interface will be the sum of all rays getting transmitted at x=b. From
Fig.5 it is evident that all odd set of rays, 1pf, 3pspf,5pspppf....get transmitted at second interface. Transmission
coefficient will be the sum of potential of all such rays.

Ty = Xn=13. Pns (38)
The general expression for ¢, is
¢nf = Anf ej (k2én—nn+x) (39)

The amplitude of ray is given by
d e
Ay = [(Tat T DY R, () (Rys) (R ) (Tipg +TyfD)] (40)

for odd values of n.

Medium | fluid Medium H solid Medum NI fluid

L wave viave front
\

A
v

=2 %=D

Fig. 5. Schematic of rays transmitted through the solid layer with imaginary wave fronts fortransmitted rays are
shifted to at x=a interface.

The wave-front has to be shifted to origin. The value of y depends on the first segment of the ray. If itisa p
segment then

x = keh ) (@)
2p
If first segment is s,
_ cos (83—625)
x= kfh cos O (42)

Phase term can be generalized as

(kyé, — 1+ x) = —h[Np €0s 0y, + Nky, cos 0,5 — kf cos 93] (43)
Thus the total transmission coefficient at x=b

Ty = Y135, Apy € K280 t0) (44)

And corresponds to E; in wave analysis.
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V. Numerical Results And Discussions

G. Normal Incidence
Numerical results are presented for fluid of density p;=p;=1000 kg/m?* and speed of sound ¢;=c;=1500

m/s. The solid has density ps=1500 kg/m°®. The speed of the p and s rays are ¢, = 2250 m/s and ¢, = 882 m/s.
The frequency considered is 0 to 5 kHz.

115
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X o, %
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Fig. 6. Amplitude of velocity potential (real part) of left travelling p waves using  ray (circles) and wave (line)

theory
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Fig.7 Reflection coefficient (real part) using ray (circles) and wave (line) theory
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Fig.8. Transmission coefficient (real part) using ray (circles) and wave (line) theory
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Fig.9 Amplitude of velocity potential (real part) of right travelling p waves using ray (circles) and wave (line)

theory

H. Oblique Incidence
Numerical results are presented for fluid of density p;=ps=1000 kg/m® and speed of sound ¢;=c;=1500 m/s. The

solid has density ps=1500 kg/m®. The speed of the p and s rays are c, = 2250 m/s and ¢, = 882 m/s. The
frequency considered is 1 to 5 kHz.The angle of incidence is 40°.
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Fig.10, Reflection coefficient (real part) using ray (star) and wave(line)theory
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Fig. 11 Transmission coefficient (real part) using ray (star) and wave (line) theory
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Fig.12 Amplitude of velocity potential (real part) of right travelling p waves using ray (star) and wave (line)
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Fig.13 Amplitude of velocity potential (real part) of right travelling s waves using ray (star) and wave (line)
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Fig. 15. Amplitude of velocity potential (real part) of left travelling s waves using  ray (star) and wave (line)
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VI.  Conclusions
Analysis of transmission through a plane panel is studied using wave theory and ray theory. It is shown

that the same results are obtained by using both methods.

The expressions derived for ray fields are general and can be used for analysis of a wave that is

obliquely incident on the plane panel that is a thin solid layer embedded in an infinite fluid. A program is written
in MATLAB to compute the contributions of 2" n =0, 1, 2, ... rays to the field. The contributions are summed
numerically. For the special case of normal incidence, the results are shown to be in good agreement with
analytical results obtained using wave theory. Specifically, the reflection coefficient, the transmission
coefficient and complex amplitude of waves within the solid layer computed using ray theory and wave theory
are shown to be numerically equal. This shows that the ray approach can be extended to determine the pressure
field inside a sonar dome.
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